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Abstract 

In this paper, we study the coarse embedding into Banach space. We 
proved that under certain conditions, the property of embedding into Banach 
space can be preserved under taking the union the metric spaces. For a 
group G strongly relative hyperbolic to a subgroup H, we proved that if 
H admits a coarse embedding into a uniformly convex Banach space, so is 
B{n) = {g e G\ < n}. 

Keywords: Coarse embedding, Uniformly Banach space, Relative 
hyperbolic group 



1. Introduction 



After Gromov pointed out that the coarse embedding (also refer as uniform 
embedding) should be relevant to Novikov conjecture [7|j6|, G.Yu introduced 
a property called property A for discrete metric spaces [14j]. A metric space 
with property A admits a coarse embedding into a Hilbert space. And G.Yu 
proved the coarse Baum-Connes conjecture holds for the metric spaces with 
bounded geometry, which admits a coarse embedding into a Hilbert space [14 . 
Subsequently G.Kasparov and G.Yu proved the coarse geometric Novikov 
conjecture holds for discrete metric spaces with bounded geometry, which 
admits a coarse embedding into a uniformly convex Banach space 10J. Coarse 



embedding into Hilbert space has been studied deeply these years, see [sj]. 
But there are less results on the coarse embedding into uniformly convex 
Banach space. Also, V.Lafforgue constructed an example which can not 



be coarse embedded into uniformly convex Banach spaces[ll|]. We should 
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mention that N. Brown and E. Guentner proved that every metric space 
with bounded geometry admits a coarse embedding into a strictly convex 
and reflexive Banach space [ij]. 

In this paper, we study the coarse embedding into a uniformly convex 
Banach space. We first rewrite the condition for coarse embedding into a 
uniformly Banach space. 

Theorem 1.1. Let X be a metric space and E be a Banach space, and 
1 < p < +00. // there is a 5 > 0, such that for every R > 0, e > 0, there is 
a map <p : X — >■ E satisfying: 

(1) sup{||^(x) -ip{y)\\ :x,yeX, d(x,y)<R}<e. 

(2) Vm G N, sup{||y9(x) — (p(y)\\ '■ x,y G X, d(x,y) < m} < +00. 

(3) lim s ^ +00 inf{||y?(x) - ip(y)\\ : x,y G X,d(x,y) > s} > 5. 
then X admits a coarse embedding into E p . 

This is generalized from the conditions for coarse embedding into a Hilbert 
space 0]. Using this condition, we study the coarse embedding under gluing 
property. This is easy to prove in the case of Hilbert space, but difficult in 
the case of Banach space. We only obtained some partial results. 

Proposition 1.2. Let X be a metric space, and X = X\ U X 2 , with X 1; X 2 
admit coarse embedding into a Banach space E and 1 < p < +00. If for any 
s > 0, there is a bounded set C s such that the sets {Xi \ C s } is s-separated, 
then X admits a coarse embedding into E p . 

Recall that two subsets Xx,X 2 of a metric space X are s-separated if 
d(X 1: X 2 ) = M{d{x, y),xeX 1 ,ye X 2 } > s. 

Proposition 1.3. If X is long range disconnected at infinity and all {Xf} 
are equivalently coarse embedded into a Banach space E by coarse maps 
then X admits a coarse embedding into E p . 

In case of infinite union, we have 

Proposition 1.4. Let X be a metric space with X = Uj g /X,, if for any 
s > 0, there is a bounded set C s with Xi fl C s 7^ for any i and the sets 
{Xi\C s } is s-separated. If {X^} can be equally coarse embedded into E, then 
X can be coarse embedded into E p . 

Further, we study the coarse embeddability of the relative hyperbolic 
group and prove that: 



3 



Theorem 1.5. If the group G is strongly relative hyperbolic to a subgroup H 
and H admits a coarse embedding into a uniformly convex Banach spaceE, 
let B(n) = {g G G\ \g\guj!? — n }> then B{n) admits a coarse embedding into 
E'P. 

The author would like to show his thanks to Professor X.Chen and Pro- 
fessor G.Yu for helpful discussion. 



2. Coarse geometry and convex Banach space 



We first recall some definitions in coarse geometry |l 3 



Definition 2.1. Let X, Y be metric spaces, and / be a map from X to Y: 

(1) The map / is proper if the inverse image, under /, of any bounded subset 
of Y, is a bounded subset of X. 

(2) The map is homologous if for every R > there is an S > 0, such that 
d(x,y) < R implies d(f(x),f(y)) < S. 

(3) / is coarse if it is proper and bornologous. 



And we say that X admits a coarse embedding into Y if there is a coarse 
map / : X — > Y. We usually consider the case where Y is a Banach space. 
We will often need to deal with a family of metric spaces. 

Definition 2.2. A family of metric space {Xj} ig / is called equivalently coarse 
embedded into a metric space Y if there exist {fi : Xj — >■ Y} i& i satisfying: 

(1) Vs > 0, there exist S > 0, if d(xi,x' i ) < s then d(fi(xi),fi(x' i )) < S for all 

% e I. 

(2) Vr > 0, there exist R>0,ii dtfifa), fi(a$) < r then d(x h x[) < R for all 
% e I. 

Uniformly convex Banach space is an important object to study in classical 
Banach space theory [9|. 

Definition 2.3. A Banach space E is called uniformly convex if for any 
e > 0, there exists a 5 > 0, for any x,y G E with = ||y|| = 1 and 
\\x - y\\ > e, then \\^\\ <l-5. 

We know £ p (l < p < +oo) is uniformly convex Banach space. If E is a 
uniformly convex Banach space, let 

E p = {x = (xi) ieN \xi G E(i G N), ^2 < +0 °} 

nGN 
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with the norm ||x|| = (XlneN H 1 < P < +00, E p is also a uniformly- 

convex Banach space. 

3. Coarse embedding into uniformly convex Banach space 

We first rewrite the condition for coarse embedding into a uniformly con- 
vex Banach space. 

Theorem 3.1. Let X be a metric space and E be a Banach space, and 
1 < p < +00. // there is a 5 > such that for every R > 0, e > there is a 
map ip : X — > E satisfying: 

(1) sup{\\<p(x) - <p(y)\\ :x,yeX, d(x,y) <R}<e. 

(2) Vm E N, sup{|| — (p(y)\\ '■ x,y E X, d(x,y) < m} < +00. 

(3) lim s ^ +00 inf{||v9(a;) - <p(y)\\ : x,y E X,d(x,y) > s}>5. 
then X admits a coarse embedding into E p . 

Proof. For n E N, let R n = n, e = there is a (p n : X — > E satisfying the 
above conditions. And we can find an s n such that HvnOz) ~ Vn(y)|| > f ^ 
d(x,y) > s n , we can choose{s„} to be an increasing sequence. Fix a point 
rc E X and define 

y? :X ->■ £ p 

00 

X ^ ©(^nW - ^n(^o)) 
n=l 

it is easy to see that ||y?(:r)|| < +00 for each x E X. We show that ip is 
coarse. 

(1) For any x,y E X, assume k — 1 < d(x, y) < k, then 



+00 

= El 

71=1 






fc-1 




+00 


= El 




-v»(y)ir+E 


n=l 
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+00 
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Let = sup{\\ip n (x) -<f n (y)\\ ,d(x,y) < k}, then 



k-l 



Mx)- v {y)\\ p <Y,{c k n y + i. 



n=l 

(2) For any x,y G X, assume Sk-i < d(x,y) < Sk, then 

oo k—l t- 

\\<p(x) - V {yW = - Vn{y)\\ P > E H^) - ^Mir > (k-l)(-y 

n=l n=l 

and d(x, y) — > +oo implies fc — > +oo, so (A; — 1)(| ) p — >■ +oo. □ 

Example 3.2. £ p (1 < p < +oo) satisfies the above conditions for E = £ p . 

Proof. Let 6 = 1, WR > 0,e > 0, there is a natural number ft, such that 
f < £, define : ^ p -> ^ p by <p(x) = f then 

(1) sup{||v9(x) - y?(y)|| ,d(a:,y) < R}=sup{\ \\x - y|| , d(x,y) < R} < e. 

(2) sup{||^(x) — ¥>(y) || ,d(x,y) <m} = f< +oo. 

(3) inf{||^(a?) - <p(y) || , d(x, y) > s} = f , Zim s ^ +00 f = +oo. □ 

W.B.Johnson and N.L.Randrianarivony proved that £ p (p > 2) does not admit 
a coarse embedding into a Hilbert space [8j. So the conditions for coarse 
embedding into a uniformly convex Banach space E in the above theorem is 
very different from the coarse embedding into Hilbert space [jjj]. 

Example 3.3. If X admits a coarse embedding into £ p , then X satisfies the 
above conditions. 

Proof. There is a if) : X — > £ p and p±, such that 

(1) p-(d(x,y)) < U(x)-^(y)\\ p < p+{d{x,y)), 

(2) lim r ^ +00 p + (r) = +oo. 

\/R > 0, £ > 0, there is a nature number h such that p+ \^ < £ 
define (p : X — > £ v by <p(x) = then: 

(1) sup{||^(x) - tp(y)\\ p , d(x, y)<R} = sup{ mx) ^ m \ d(x, y)<R}< e. 

(2) sup{\\(p(x) - (p(y)\\ p ,d(x,y) < m} = sup{ H ' x) ^ v lp ,d(x,y) < m} < 

{3)wf{\\<p{x)-<p{y)\\ p ,d{x,y) > s} = mf ,d{x,y) > s} > H=& 



and lim^+oo^ = +oo. □ 



/>-(») 
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Remark 3.4. (a) We can see from the proof that this S is not important. We 
can take it to be infinity in general, i.e, replace third condition with 

lim inf{||<p(z) - <p(y)\\ : x,y G X,d(x,y) > s} = +00. 

S— > + 00 r 

(b) If we take E = £ p (l < p < +00) and change the condition (2) of Theorem 
Owith 

sup{||(/?(s) — <f(y)\\ : x, y G X, d(x, y) < m} < L , Vm G N 

for some fixed L , by the Mazur map mentioned in [l|, then it can be 
embedded into £ 2 , a Hilbert space. 

4. On the union of metric spaces 

In this section, we study the coarse embeddability under taking the union 
of metric spaces. 

Proposition 4.1. Let X be a metric space, and X = X\ U X2, with X\,X 2 
admit coarse embedding into a Banach space E and 1 < p < +00. If for any 
s > 0, there is a bounded set C s such that the sets {Xi \ C s } is s-separated, 
then X admits a coarse embedding into E p . 

Proof. We first assume that X\ fl X 2 7^ 0, take an xo G Xi fl X 2 , and replace 
C s with C s U x if necessary, we can assume that x G C s for any s. 

For any R > 0, e > 0, there is a bounded set C 2 r such that Xi \ C 2 r 
is 2R-separated. Suppose C 2 r C B(x ,k) for some k. For Xi admits coarse 
embedding into E, we can find a number r > 2R + k and a map (p l r , such 
that 

(1) sup{||^(a;) - (p*(y)\\ : x,y G M h d{x,y) < r} < e. 

(2) Vm G N, sup{||</3* (x) — (fl(y)\\ ■ x, y G Mi,d(x,y) < m} < +00. 

(3) lim s _ >+00 inf{||v9;(a;) - <p l r (y)\\ : x,y e Mi,d(x,y) > S} = +00. 

And we define 

<p: X -)■ (E © E) p 

x ^ (</?J(a) - ^(x ), 0) «/ x G Mi \ C 2 i?, 
y 1 ^ (0, ^(6) - ^(rco)) z/ y G M 2 \ C 2ii , 
^(0,0) ^6C 2R 
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We need to verify the conditions in Theorem 13.11 

(i) For d(x, y) < R, if x G M\ \ C 2 r, y G C 2 r, then d(x , y) < k, we have 
d(x, xq) < d(x, y) + d(y, Xo) < k + R, so 

\\ip(x) - (p(y)\\ = \\<pl(x) - (pl(x )\\ < e. 

If x G M 2 \ C 2 r, ?/ G C 2 r or x,y <E C 2 r or x,y <E Mi\ C 2 r for same i, it is 
similar to prove ||<£>(x) — <p(y)\\ < e - 

(ii) Vm > 0, there is a bounded set C m , such that X,- t \ C m is m-separated, 
and we can find a number h such that C m C B(C 2 r, h). For d(x, y) < m, 
if x G \ C 2 #, y £ Xi \ C 2 r for same i then 

IMa:)-^(y)|| = ||^(a:) -^(y)||. 

if x G Xj \ CVr, y G C 2 #, then <i(x, x ) < d(x, y) + d(y, x ) < m + k. And 

\\<p(x) -<p(y)\\ = \\<pi(x) -ri(x )\\ ■ 

if x G Xi \ C 2 r, y G M 2 \ C 2 r, for d(x, y) < m, then either x G C m or y G C m . 
Suppose x G C m , so d(x, xo) < h + k; d(y, xo) < h + k + m, then 

Mx) - <p{y)\\ = (\y r (x) - <p l r (x )\\ p + \\tf(y) - <p 2 r (x )\\ p )± . 
Let t = h + m + k, we get 

sup{||</?(x) -<p(y) || ,d(x,y) < m} < max{ sup ||<^.(x) - ip l r (y)\\ , 

d(x,y)<t 

sup {(||^(x) - ¥l(x )\\ p + ||^ 2 (?/) - ^ 2 (x )f)*}} < +00. 

d(x,xo)<t,d(y,xo)<t 

(iii) Let d(x, y) = s, let s tends to infinity, 
if x,y G Xj \ C 2 _r, then||y2*(x) — ^ l T (y)\\ — > +00 by the property of ip l r . 
if x G Xj \ CVr, y G C 2 #, then for xo) < k, so <i(x, y) —¥ +00 implies 
d(x,xo) —> +00, so 

||<^(x) - (p(y)\\ = \\(pi(x) - ^*(a? )|| ->• +00. 

if x G X x \ C 2 ij, y G X 2 \ C 2 #, c?(x, ?/) — >■ +00, implies either d(x, x ) — > +00 
or d(y,Xo) —> +00, thus 

Mx) - <p(y)\\* = (U(x) - ^(x )|| P + M(y) - ^(xo)|n* -> +00. 



8 



if X 1 H X 2 = 0, we can assume that Aj fl C s ^ 0(Vs > 0), take x G 

Uo G A 2 fl C 2 r, and define 

ip:X ^ E®E 

x H> {(flia) - (fHxo), 0) if x G X 1 \ C 2R , 
y^(0 1 <p 2 r (b)-tf(y o ))ifyeX 2 \C 2R , 
z^(0,0) if zeC 2R 

The proof follows. Applying the theorem 13.11 we finish the proof. □ 

Gromov introduces the following property for metric space [3]. 

Definition 4.2. A matric space X is called long range disconnected at in- 
finity if for every n G N, there exist two subsets A" and A^ in A such that: 
(IMA™, A 2 n ) = m/l^i.iajlu G X?,x 2 G A™} > d. 
(2) A™ and A™ cover almost all A, i.e., A \ (A™ U A") is bounded. 

Proposition 4.3. //A /ong range disconnected at infinity and all {A™} 
are equivalently coarse embedded into a Banach space E by coarse maps 
then X admits a coarse embedding into E p . 

Proof. For any R > 0, e > 0, find an n G N such that n > R. Choose a point 
x n G A \ (A™ U Ag ), define 

cp: A -> © E) p 

x^(tf{a)-tf{x n ),0) if x E A™, 

2; I—?- (0, 0) otherwise. 

Using the similar argument in proposition I4.1[ it can be show that <p satisfies 
the condition of theorem I3.1[ we finish the proof. □ 

Proposition 4.4. Let X = UjgjAj be a metric space. If for any s > 0, there 
is a bounded set C s with AjflC s 7^ 0(Vi) and the sets {Aj\C s } is s-separated. 
If Aj can be equally coarse embedded into a Banach space E, then X can be 
coarse embedded into E p . 
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Proof. WR > 0, e > 0, there is a bounded set Cr such that Mj \ Cr is R- 
separated, and suppose that Cr C B(x , k) for some k, take an r > k + 2R. 
For Xi is equally coarse embedded into E, we can find <f l r : Jfj — >• E, such 
that 

(1) sup sup{ || <p l r (x) - ^(y) \\<e,x,y€ Xi,d(x,y) < r} < e. 

i 

(2) sup sup{ || (pl.(x) — (fid/) \\,x,y G Xi, d(x, y) < m} <oo,VmeN. 

i 

(3) lim inf inf{|| cp % (x) - tp l r (y) \\,x,y G X u d(x,y) > s} = oo. 
For each z, fix an Xj G Xj fl (7r. And define 

: M E p 

o^(0,..., ^(^ - ) if a E Mi \ Cr 

ith item 

6^(0,. ..,0) ifbeC R 

The proof follows using the similar argument in propostion 14.11 □ 

5. Relative hyperbolic group 

Let G be a finitely generated group with generating set S (closed under 
taking inverse) then G is a proper metric space with word length metric 
induced by the generating set S. Let if be a finite generated subgroup of G. 
We denoted {H \ e} by Jf. Then the Cayley graph (G, S) and (G, S U JtT) 
are both metric spaces with word length metric ds, dsujf, respectively. 

Definition 5.1. Let p be a path in (G, S U Jff). An J^-component of p is a 
maximal sub-path of p contained in a same left coset gH. The path is said 
to be without backtracking if it does not have two distinct ^-component 
in a same coset gHi. 

Definition 5.2. a path- metric space X is hyperbolic if there exists some 
5 > such that the 5-neigborhood of any two sides of a geodesic triangle 
contain the third side. The group G is said to be weakly hyperbolic relative 
to H if the Cayley graph (G, S U J^) is hyperbolic. 

Definition 5.3 (see[5]). We say the pair (G, H) satisfies the Bounded Coset 
Penetration property (BCP) if for every R > 0, there exists a = a(R) such 
that if p, q are two geodesies in (G, SUJF) with p_ = q_ and d s {p +1 q + ) < R, 
(1) Suppose that p has an ^-component s with d s (s^, s + ) > a(R), then q 
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has an ^-component contains in the same left coset of s. 

(2) Suppose s, t are two ^"-component of p, q respectively, contained in the 

same left coset , then < a(R), ds(s + ,t + ) < a(R). 



Definition 5.4. The group G is strongly relative hyperbolic to H if it is 
weakly hyperbolic to H and satisfies BCP. 

Denote by B{n) = {g G G\ \g\g U jg> < n}. D.Osin proved in [12| that B{n) 
has asymptotic dimension at most d if the subgroup H have asymptotic 
dimension at most d. M.Dadarlat and E.Guentner proved G admits a coarse 
embedding into a Hilbert space if H admits a coarse embedding into a Hilbert 
space p|. We prove that: 

Theorem 5.5. If H admits a coarse embedding into E, then B(n) admits a 
coarse embedding into E p for each nGN. 

Proof, we proceed by induction on n. We have -B(O) = {e} is trivial. B(l) = 
H U S is just in the 1-neighborhood of H, so can be coarsely embedded. We 
assume that B(n — 1) is coarsely embedded into £ p . we know 

B(n) = (|J B(n - l)x) U B(n - 1)H 



since Bin — l)x is just in the 1-neighborhood of B(n — 1) in (G, S), so it can 
be coarsely embedded. We concerned on B(n — 1)H. we can find a subset 
R(n — 1) in B(n — 1) such that for any b G B(n — 1), bH = gH for a unique 
g G R(n- 1). Thus 

B(n -l)H= |J gH. 

geR(n-l) 

WR > 0, e > 0, we have an a(R) from the BCP. We can assume a(R) > R 
and a(R) is increasing, let T R = {g G G| \g\ s < a(R)}. Let Yr = B(n — 1)T R , 



then D.Osin proved that {g H\Yr} g( zR( n -i) is /^-separated [12j. We find maps 



ifi and if2 for embedding of Yr and H, respectively, such that 



(1) sup{||^(x) - <pi(y)\\ p :x,ye X,d s (x,y) < 3a(R)} < e/2, 

(2) C m = sup{||v3i(x) - <Pi{y)\\ p : x,y G X,d s (x,y) < m} < +oo Vm G N, 

(3) limi^ +00 m/{||v9j(x) - <^(y)|| P : x,y E X,d s (x,y) >t}>5. 
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We define a map: 

<p: B(n-l)H ^E@{ E) 

gi eR(n-l) 

as following. 

For x G QiH \ Y R , fix a shortest word Ai for g^ in (G, S U Let A4 = g'^ i 
where h! i is the ^-component in giH. Replacing gi with g' i: we can assume 
gi does not have an ^-component in giH . Then x = giXi is a geodesic in 
(£r, S U J^f)[12\. We define <^(x) = ipi(gi) © ^2(2^) where ^2(^1) is in the 
item in © g . eS ( n _i)£?). And let ip(y) = fi(y) for y G Y#. We need to verify 
the three conditions of embedding. 

(1) For ds(x,y) < R, we have two cases. 
Case a: If x,y G Y R , \\(pi(x) — (pi(y)\\ < e. 

Case b: If x G giH \ Y R , we have y G by BCP. If y G \ Yr, let 
y = g%y%i x = giXi be the geodesies in (G, S U J^). Thus 
d s {xi,yi) = d s (x,y) < R, 

\\(p{x) - (p(y)\\ = \\(p2(xi) - (P2(yi)\\ < e. 

If y G giH n Yr, let ?/ = g^ be a geodesic in (G, S U J^). For ds(x, y) < R, 
we have ds(gi,g'i) < a(R) and \yi\ s < a(R). Then 

ds(9i,v) < ds{gii9'i) + d s{gly) < 2a(R), 
\xi\ s = d s (gi,x) < d s (gi,y) + d s (y,x) < 3a(R). 
we have \\<p(x) - <p(y)\\ = (|| - <f(y)\\ P + ||^ 2 (^)ll P ) i < e - 

(2) For m G N and ds(x,y) < m, let T m = {g\\g\s < a(m)} and Y m = 
B(n — l)T m . Then {giH \ Y m } is m-separated. If x, y is both in Y R or in <?ji? 
for some i, it is easy to see \\<f(x) — <f(y)\\ is bounded. So we only need to 
consider x G g^H, y G g^H with i 7^ j. For ds(x,y) < m, either x or y is in 
Y m . We assume y &Y m . For a; G g^if PI (Y m \ Y R ), let £ = be a geodesic 
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in (G, S U Jtf). We have two cases, 

Case a: If y G g$H fl (Y m \ Yr). let y = g^y^ be geodesies in [G, S U J4f). 
Then 

hi?) - <p(v)\\* = |M&) -^(g j )\\ p + h2(^)\\ p + \\<P2(yj)\\ p - 

for d s (gi,gj) < a(m), \x\ s < a(m), \yj\s < a(m), we know \\(p(x) - <p(y)\\ < 
3C m . 

Case b: If y G gjH D Y R , let ?/ = (?•?/• be the geodesic in (G, S U J%? ) with 
yi is a J^-component and \y[\s < a(-R). For ds(x,y), then ds{gi,g'i) < a(m) 
and ds(gi,y) < 2a(m), \x\ s < 3a(m). Then 

IM*) - = |M&) - My)\\ p + IM^)ir • 

we have that \\<f(x) — ip(y)\\ < 2C m . 

(3)We have d$(x,y) < l(x g ) + ds(gi,gj) + l(y g ), thus d s (x,y) tends infin- 
ity implies at least one the three must tends to infinity. So 

lim inf{||</?(z) - <p(y)\\ ,d s (x,y) >t} = oo. 

t—t+oo 

By Theorem 13. 1[ B(n) admits a coarse embedding into E p . □ 
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